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. Rate equations

v’ Four-level laser

v’ Three-level laser
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Rate equations 157

(J Rate equations are a set of coupled differential equations, describing
the temporal (and spatial) behavoirs of the carriers (populations) and

the photons (lasing power). It is a phenomenonlogical description of the
Bloch-Maxwell’s equations

J Two main types of lasers:

v’ Four-level lasers: lonic crystal lasers like Nd3*:YAG

(Neodymium-doped Yttrium Aluminium Garnet 544
LR AR A 1064 nm); Gas lasers like CO, (10.6 um),
He-Ne (632.5 nm)

v’ Three-level lasers: fiber lasers like Er ($§1550 nm),
Yb (481030 nm), Ho (k2000 nm), Tm (£%2000 nm)

doped fiber lasers
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Four-level laser 158

-l Assumptions: e ]V
. . . f

The carrier density (population) ast

is uniform inside the gain medium N2
The photon density (electric pump AVAVA%e

field) is uniform inside the cavity N,
The light volume is the same as fast —

the gain medium volume ;
Only one mode oscillatesinthe [ The laser emission occurs

cavity at level 32 level 2

Then, the rate equation is space The population inversion

independent. AN = N,

J The lifetimes of level 3 and The gain

level 1 is very fast g=0AN ~oN,

N,~0, N,~0
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Four-level laser

Rp is the pump rate

[ is the spontaneous emission factor

ast
N2
pump AVAVAS
Nl
fast
— N,
The rate equations
dN, N
=R -W(N,—N,)——2
dt P ( ? 1) T
Ny w(n,-Ny)-Ney s N
dt 7, T
N, ~0
N, =0
N, =~ const

159

W (N, —N,)=WAN=cFAN

=oNpV,AN ~oN,V N,

:VggNP
The rate equations
dN,
o~V ON,
dt o
dNP :VggNP _&_Fﬂ&
dt T,

sp

Tsp

Tsp

discussions.

N2 . . e . .
B— is small, and is negligible in most
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R1

Four-level laser

L

] Loss coefficient

1 1
o, =a. +—In
2L RR,
J gain coefficient
g = ocAN
J Photon lifetime
o1
"oV

R2

J Optical length
L,=(L—1)+n,|l

J Round-trip time
L

At=2—
C

J Some relations

Photon flux (cm?s™)
F=v, N,

Energy density (J/cm®)

o =N;hv

Light intensity(mW/cm?)
| =v, N hv

=Fho = pv,
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The output power

J The energy inside the cavity
E = Nyhov,

J The energy output (loss) rate
of the two mirrors

1 1 1
— =V, =V, —In
T, 2L RR,
IfR,=R, =

1 1, 1
—=v,—In=

T L R

m

Examples 7.1

161

J The total output power from
the two mirrors is
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(Quasi-) three-level laser

E— g
f

ast

pump AVAVA%e
The rate equations
dN, N

=R -v.gN,——%
dt p~ Vade T
dNP :Vgng_&'i'ﬁN_
dt 7, To
N,=N,—N
N, ~0

J gain coefficient

g= aAN:a[N2 _ 92 Nlj
g,

N,

162

d In a (quasi-) three-level laser, the
lower laser level is the ground level,
or a sub-level of the ground level.

v'All the sublevels are strongly coupled and
hence in thermal equilibrium.

dt  dt

N, dAN d (Nz_&N
9,

H

(1+92j = [N +g2(Nt—N1)} 1(AN+92
gl z-sp z-sp gl Tsp gl

1+&j dN,

g, ) dt

The rate equations

dAN (1 QZ]R [1
dt g,
dN, N

=v gN, ——+
dt gg P Tp ﬂ

L9
9,

1
T

v,oN, —i(m\ug? J

AN+gz j
g,

9

Tsp

EW AR
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Chapter 7_L15 163

J Lasing threshold and power

v’ Four-level laser

v’ Three-level laser
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Four-level laser 164

(J The carrier lifetime 3 To achieve lasing,

1 1 N 1 1
- — 5 T
r oo 1 Np(t)>Np(O):>Vgg_rp
J Condition for possible
continuous-wave lasing d Thus, the lasing threshold is
1 1
Tz > Tl Oin = — ANth ~ N2th =
VT, oV, T,
J Ignore the spon. emission
The rate equations
aN,, _ dN, N,
dat ¢ ) " =R, —V,0N; _T_sp
Np(t):Np(O)exp{vgg—ijt dN, _ Np N,
Ep dt 7" 7, Tg,

) B R ATF
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Below the threshold

165

. Below the threshold, the stimulated emission is negligible (photon number
is small), and there is only spontaneous emission, then the rate equations

become
dN, _R _&
dt .
dNP :_&‘Fﬂ&
dt T, To

( The steady-state solutions are

N,=R. 7

P-sSp

No.=fR 7,

(] Both the carrier density and

the photon density increase

linearly with the pump rate

(d Under steady-state condition

N, _
dt

O. dNP —
dt

The rate equations
dN, R, ~V,0N, N,
dt o

dNp =V, 9N, —N—+ﬂ

dt T, o
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(Well) above the threshold

166

. (Well) above the threshold, the stimulated emission dominates, and the
spontaneous emission is negligible, then the rate equations become

L The steady-state solutions are

dN

a e Ve

dN, N
=v_gN, ——F

dt oI 7,

d Gain clamping:

dNF’:0:>

dt

0= 1 N - 1
Vo, oV,

g =0 N2 — N2th

Above the threshold, the gain does not increase with the pump rate, but remains

the same as that at the threshold. (carrier population clamping)

dN (J The photon density increases linearly with

—=0=

dt the pump rate.
( N j  The threshold pump rate is (N,>=0)
N.=z | R ——2"
P~ p

p
T

1

oV .T.T

gplsp of L3887

The rate equations

by "
‘%‘ pirib
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Below and above the threshold

|
|
|
|
|
1
|
|
|
|

Np

RPth

Rp

] Below the threshold

N,=R 7

PSP

No.=pR 7,

Reh Rp

] At the threshold

Carrier reservoir

N

st

1
Vggth -
z-IO
1
N2th —
V.T
o g p
R N2th
pth
Tsp
Npth :,BRprp ~0

I

Rp

] Above the threshold

167

sz N2th
NP:Tp(Rp—Rpth)

A

The rate equations
dN,
dt

NP

P

N
=R, -V, ON, -—*

Tsp

T

N
=V N, ——+ -2

sp




The output power

. The photon density

NP:rp(Rp—Rpth)

. The output power

168

P =(Nohov, )(
= Tphqu(

V,at,, )
Vgam)(Rp . Rpth)

) £ M sk
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The output power 169

ast
N2
pump AVAVAS
N1
fast . (J For the electrical pump, the
g pump current /
] Forthe optical pump,
the pump power P, |
dN RIO - _V
P, = Rpthp:( 2) Vhy, g
dt J, R
_ p
I:)out _amlsvp R o )
Rp pth
Pout - amlsvp _1
Ruin |
:amISVp —-1
_ R Ly,
=a, |V, 1}
I:)pth

wﬁfiﬁﬂﬁﬁ%
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The output power

170

(d The laser slope efficiency: the output laser power versus the input light

power or injected current

Mo =

Mse =

out _ m S P (W/W)

(W/A)

dP,, «a,lV
dP, "

C“:)out _ am I SVP
d| l,

. The laser quantum efficiency: ratio of output photon numbers and input
photon/ electron numbers

P, /hv
o =P Thv,
P, /hv
Tee = 1/

%f%iﬁﬂﬁk%
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(Quasi-) three-level laser 171

dN
(d The threshold population inversion (ignore spon. emission) d—tp:0
1 1 N, + AN N
gth_ AN N2th — { th ~ t
V7, GVng 2 2
(d The threshold pump rate N, =0; WLN =0
dt
Rpth = = = (ANth +& th
1+9,/0 7, d,
dN
(d The photon density P =g, =/~ daN =0
dt dt The rate equations
dAN ) ) 1 )
N - - - T:(H gljR [1+3—Jv oN, —a[Amgl N]
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Optimum coupling (max power) 172

. The mirror output coupling (loss)

1 1
a, = oL In[ ] v When T increases, on one hand, the output power tends

*/  ShanghaiTech University

RlRZ
IfR,=R, to increase; on the other hand, the total photon number in
. :iln(ij the cavity tends to decrease.
"L R . :
J For a fixed pump rate, the maximum
 For the four-level lasers power is at
1
R, =— d : . |
i OVyTpTp e I:)out =0= Mﬁr"""'f Xp=10 b
1 dt = e
T = f"- 1
P V, (Oli +am) Ay = \/RpGTspai —Q; ‘§
P = 7,0V, (Vyer, )(R, =Ry ) 3 |
: 2 7 6 5 0
1 Yo/t 2y;)
= a,hoV, P T
ai + am GTsp ': _I: ﬁ ﬂ ﬁ j( *%'t'




Chapter 7_L16 173

. Multimode oscillation

§ ) B R ATF
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Multimode (longitudinal) oscillation 174

 Lasers usually oscillate on many modes, due to the usual wide
gain profile, much broader than the mode spacing (FSR).

J Homogeneous broadening medium only oscillates on one
mode at the gain peak, due to the gain clamping effect.

@ B
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N
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&
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&
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Multimode (longitudinal) oscillation 175

 In practice, in homo. broadening medium, there are several
modes oscillating around the gain peak L
when the pumping is high enough. I

Yq

[ Electric fields are standing waves in the @ : z
cavity. i
[ For spatial points at extrema of the An »
electric field, the population inversion are :
clamped. :
. . . |

[ For spatical points at zeros of the electric 1 ~
|
|
|
|
|
|
|
|

field, the population inversion remains (®)
increasing. ‘
[ Thus, there will be holes formed at
different positions of the gain medium. This
is called spatial hole burning.




Multimode (longitudinal) oscillation 176

 In the homogeneous broadening medium, due to the spatial hole
burning, different longitudinal mode can use carriers at different
places, so several modes around the gain peak can oscillates. These
modes competes for the strongest lasing, and is called (spatial)
competition of (longitudinal) modes, which leads to the lasing
power fluctuations.

v In homo. gas medium, carriers moves fast in the space, spatial holes
can hardly formed, so single mode can be obtained.

v In homo. solid medium, carriers moves slow in the space, spatial
holes will be formed, and multimodes around the gain peak can be
obtained.

v" In ring cavity with isolator, the wave is traveling rather than
standing, so no spatial hole burning effect, and single mode is formed.




Multimode (longitudinal) oscillation 177

J Inhomogeneous broadening medium oscillates on many modes
within in the gain profile, which are independent with each other.
Spectral hole burning will be formed on the gain spectrum.

v If the mode
spacing is too small,
the holes will have
some overlap with
each other, leading to
the mode
competition due to
the sharing of the

| | | same group carriers.

4 g V. Increase

pump

~
S
&
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Multimode (transverse) oscillation 178

] Different transverse mode has different
diffraction loss, leading to different values
of threshold. TEMOO has the lowest loss

- - » . ' e TRy
and thus oscillates firstly. - TEREILE T

- - » . ' Hh» "R R
O The electric field distribution of —1—++ 11
transverse mode is not uniform, leadingto ., .0 1% "UF
the transverse spatial hole burning. - 28 @i6 Biis
Different transverse mode has different - L AL B R

TEM,, TEM,, TEM,, TEM,,

electric field distribution, and use different
spatial carriers. When the pump is strong ®* A AL R AR
enough, there will be many modes
oscillating simultaneously.
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Lamb dip 179

 In the laser with Doppler inhomo. broadening medium, the output power increases
when the longitudinal mode frequency is tuned towards the central frequency (gain
peak). However, when the mode frequency is close to the central frequency, the
power will decrease instead. Then, a dip is form on the power spectrum, which is
called Lamb dip.

v When the mode frequency v, I=v,, the = 2O
light interacts with two groups of carriers N
with velocity +v, and —v,. Both groups
contribute to the lasing power.

v When the mode frequency v,_=v,, only @ ®

one group of carrier with velocity v,=0 v’ Lamb dip is a famous technique
interacts with the light, and contribute to the {4 stablize the laser frequency.
lasing power. Although the gain is highest,
but the contributed carriers are the smallest.
Therefore, the lasing power decreases,
leading to the Lamb dip on the power
spectrum. e ahas

o
Brgma
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Chapter 7_L17 180

J Single mode selection

v’ Transverse mode selection

v" Longitudinal mode selection

) £ M sk

'*% ShanghaiTech University



Single transverse mode selection 181

d TEMOO mode is usually desirable. The selection basis is that

v’ The diffraction loss (6) has an enough portion in comparison with other
losses (al).

v’ The diffraction loss increases with the order of the transverse mode.
J The mode selection requirement is
g° > and g® <o ™, g <o
J For the same diffraction loss portion, the larger the diffraction
loss difference ( 6,,/0,,) between the high-order mode and the

fundamental mode, the easier the mode selection. (Note: absolute
loss value must be considered)

a =20, a =10, a =10,
5.=01 8, =1 5, =10, 5, =15, 5,y =10, &, =30,
a® =201 o =21, or’ =20, ar =25 af’ =20, g =A40;

e, A
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Single transverse mode selection 182

v The diffraction loss decreases with Fresnel number, while the mode
discrimination increases.

v’ The confocal cavity has the lowest loss, but the largest
discrimination ability. The concentric cavity and the plane cavity have
the highest loss, but the smallest dscrimination ability.

v' In practice, it is easier to use the concentric and plane cavities to
select the fundamental mode, due to the high mode losses.

20

.‘
-
-

01 02 0406 10 2 4 6810
N=a¥/LA

Mode discrimination versus Fresnel number TAEA
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Single transverse mode selection 183

J Design a proper aperture inside the cavity

] Design a proper parameter g and Fresnel number N of the cavity

] Design a proper unstable cavity

 Slight adjust the parallelization of mirrors

v’ For plane cavity, TEMOO will suffer the largest loss, and
high-order modes oscillate.
v’ For stable cavity, due to the small volume of TEMOO, and
the large volume of high-order modes, the latter suffers

> x high loss, and TEMOO oscillates.

o alian
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Single longitudinal mode selection 184

J Short cavity

v’ This is appliable when the gain broadening linewidth is not large, like in gas
(He-Ne) lasers (1.7 GHz in textbook). Piezo-electric transducer is needed to adjust
the cavity length carefully, with accuracy on the order of wavelength.

gain
AVegp 2 AV [2 = AVy,
C ‘ ‘ AVFSR
L<—— ‘ ‘
AV,

J Ring cavity with isolator

v’ The traveling wave together
with homogeneous broadening
medium wont form any hole
burning effects.




Single longitudinal mode selection 185

3 Selective mode loss using grating, external cavity,
and Fabry-Perot etalon ...

1 Mirror
aperture
— | |
—~ ‘ - - o>
autpat
coupling light of othe ¥ wavels ngths R2 ~ 30% R-l <0.1%

foite o blocks d by aperfure

Net Cavity Modes Lasing Mode Etalon Modes OQutput

= Vi
Gain A /\ Power
|
% Neon Gain L 15 mW
-l et Curve
nnnnnnnnnnnn 186 MHz F10 m\W/
+ Lasing F 5 mW
AN / > _/ Threshold || /|
1 f 0omw
<1 / %

ttttttttt

ETALON
IIIIIIIIIIIIIIIIIIIIIIII O t |
N=2527646 -10-9 -8 7 -6 -5 -4 -3 -2 -1+0 +1+2 +3 +4|+5 +6 puca
Cavity Length (L}=80 cm -+ FWHM=~1.5GHz |=

Frequency

Intracavity Etalon for Line Selection in a Single Mode HeNe Laser

EwWB AT
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F-P etalon to select mode 186

] The transmission maxima of F-P L
etalon is at

MC R R

Vm = 1 I E
2n L'cosd =

Gain line

J A small angle adjustment is
needed to tune one transmission
peak close to the gain peak.

0~60'~0

Fabry - Perot
transmission peaks

% Av=C,/2L

C C
o Ve =  AvgT =R

AVpg, = ,
R 2n.L'cosd'’  °




F-P etalon to select mode 187

J The etalon half peak linewidth
must be smaller the mode spacing
of the laser cavity.

%AVCET <AV,

J The etalon FSR must be larger
than half gain linewdith

J The laser cavity length

1 . :
AVE FSR > — AV, requirement can be 2F times
2 larger than that without etalon.
J Consequently, the requirement c
L<2F——| Examples 7.8
%Av S AVeL < 2F AV, AV, P '

Ls nL'< c
2F AV,
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J Frequency pulling effect

] Laser linewidth

I 2 E PN
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Frequency pulling effect 189

 Laser frequency pulling effect: for an optical resonator with a cavity
mode at v, and a gain medium with the peak at v,. The lasing
frequency v, will deviate from v, and is pulled toward the gain peak v,,.

V- Vo [ AV, +V,_ [ Av,
© 1/ Av,+1/ Av,

v Usually AV, >>Av, | so the frequency pulling is generally very small.

laser line

) b WAk
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Laser linewidth

190

. The linewidth of the lasing mode originates from the spontaneous
emission noise, which leads to both random phase fluctuation
(dominating) and amplitude fluctuation (small) of the electric field.

E(t) = Assin[27v t+ @, (1)]

 The spectral linewdith (Lorentzian shape) of a passive resonant

cavity is

AV

C

1

27Z'Z'p

P

1

V0

J The spectral linewidth (Lorenzian shape) of an active resonant cavity
(laser linewidth) is

AV,

1

27[2';l

T kWA A

.,., ShanghaiTech University
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Laser linewidth

191

1 Above threshold, the « active photon lifetime » is not zero due to

the spontaneous emission.

I — 1 >0=

Vg (aT _g)

On <Or

The rate equation

aN, =V 9N, —£+ﬂ&:0:>
dt T T

d Then, the laser linewidth is

 This is the Schawlow-Townes
linewdith, which gives the quantum
limit of laser linewidth, ImHz<typically

<1 Hz.

Av, =

N, 2zhv, (Av

)

AN P

J: WEEATF
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Laser linewidth 192

. The spectral (optical) linewidth of solid-state lasers, fiber lasers, and gas
lasers are on the order of kHz,while the linewidth of semiconductor lasers is
on the oder of MHz.

. In semiconductor lasers, spontaenous emission noise, on one hand, directly
induces phase fluctuations of electric field. On the other hand, induces carrier
(electrons and holes) density fluctuations, leading to refractive index changes of
the laser medium, and thereby the laser frequency fluctuation, broadening the
spectral linewidth. This is called the phase-amplitude coupling effect, and is
characterized by the linewidth enhancement factor (Henry factor).

: : : : ()
. Noise orignating from i _
shavns I AV, =(1+0) Avg,

spontaneous emission and g of
carrier noises is called quantum z 4

: : B 3l
noise, while that from g 2l
mechanical vibrations and 3 1] Examples 7.9

. . 0

thermal fluctuations is called T T T T T T

Normalized pump current l/ln

technical noise.
. I.'|' -

s ...,‘l;f ShanghaiTech University
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Chapter 7 _L19 193

J Laser frequency (phase) noise and fluctuation

J Laser intensity noise

§ ) B R ATF
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Laser frequency/phase noise 194

. In practice, the laser frequency is not constant, but fluctuates
randomly due to the laser noise. Short-term noise (high frequency)
is due to the quantum noise (spontaneous emission, carrier noise).
Long-term noise (low frequency) is due to technical noise
(temperature fluctuation, driven current noise, mirror vibration...).

[ Phase noise and frequency noise relation:

do_..(t :
av =228 Ay ()= it ag, (1)

J The laser electric field with random phase:
E(t) = A sin[27v,t + @, (1)]

J The instantaneous laser frequency:

v (1)=v +Av (1)

foafias
& % N
3 b i,
TEoH



Laser frequency/phase noise 195

[ The frequency/phase noise is usually characterized by the power
spectral density (Fourier transform of autocorrelation function):

S, (F)=[" < Av(®)Av(t + 7) >exp(jor)dr

AV(F)|" (Hz?/Hz)

< Ap()Ap(t+7) >exp(jor)dr

S,(T)

=|Ap(f)|" (rad®/Hz)

S,(f)=f2S,(f)

<AV(D)AV(t+7)>= !im %_[OT AV(t+7)AV (t)dt

AR 2 E PN

Wi

’-’xg‘k #/ ShanghaiTech Universit
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Laser frequency/phase noise 196

 Spontanenous emission noise is a kind of white noise (S, (f)=const.)
in the frequency (electrical) domain, which leads to a Lorentzian-
shape spectral (optical) linewidth. The relation between the laser
linewidth and the white frequency noise is

Av, = 7S, ()

/ Flicker (1/f) noise
] Besides the white
noise due to quantum

Frequency noise (Hz%/Hz)

i White noise
noise, there is flicker ;
noise at low frequency :
due to technical noises. L MH, F
requency (Hz)
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Frequency fluctuation and stablization 197

1 The laser mode frequency fluctuates due to cavity length change
and to refractive index change:

c
V.=m oL J The frequency stability is usually

1 1 characterized by |Av, /v, |
-V (—Anr +—ALJ
n

r

AV =

m

Examples 7.10

1 The frequency stablization can be realized by using a frequency
discriminator (F-P etalon) together with a piezoelectric transducer

transducer medium

Power

Voltage :
monitor




Frequency stablization using Lamb dip 198

f ] The laser is modulated at a low

ﬂf\ D>, frequency f.

2f

 If the lasing frequency v=v,,
the lasing power modulation
—= frequency is 2f.

v

) f
 If the lasing frequency v>v,, the lasing power modulation frequency is f, and it is in

phase with the voltage modulation. Then, the transducer will enlarge the cavity
length to move the lasing frequency to v,.

d If the lasing frequency v<v,, the lasing power modulation frequency is f, and it is out
of phase with the voltage modulation. Then, the transducer will reduce the cavity

length to move the lasing frequency to v,.
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[ Laser frequency (phase) noise and fluctuation

. Laser intensity noise

(i) Emmsx
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Laser intensity noise 200

1 The laser intensity noise is usually characterized by the relative

intensity noise (RIN), which is defined as the Fourier transform of the
autocorrelation of the instantaneous lasing power, with respective to
the square of the average lasing power.

[T <P@P(t+7) >exp(jor)dr
52

-80

RIN(f)=

P()

F_)Z

Relative Intensity Noise (dB/Hz)

(dB/Hz)

1 The peak in the RIN spectrum is around
the laser’s relaxation resonance frequency.
J The RIN can be reduced by applying an
optical/optoelectronic feedback loop.

£
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Homework 201

7.3
7.4
7.5
7.6
7.8
7.16
7.17
7.18
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